The advanced adjoint approach for arbitrary collisionalities with momentum conservation in the likeparticle collision is considered. The results are generally applicable for the parallel conductivity as well as for current-drive calculations. In addition, the weakly relativistic extension of the variational principle for the Spitzer function with momentum conservation in the electron-electron collision is described. The models developed are well suited to ray-tracing calculations. *
I. INTRODUCTION
The adjoint approach is commonly used for calculations of the current drive (CD) efficiency in ray-tracing [1] [2] [3] as well as for the momentum correction of the parallel conductivity and bootstrap current [4, 5] . The key point is the choice of the model for the corresponding Spitzer function.
The classical Spitzer problem in the collisional limit [6] with ν * e 1 can be analytically generalized to the collisionless limit [7] with ν 1 (here ν * e = ν e R/ῑv is the collisionality, ν e is the collision frequency, R andῑ are the major radius and the rotational transform, respectively). The first limit, without trapped particle effects, i.e. ν e τ
−1 b
(τ b is the electron bounce-time), gives the upper limit for CD efficiency, while the second one (collisionless, i.e. ν e τ Calculations of even mono-energetic transport coefficients are rather computationally expensive in the collisionless limit. The treatment of the linearized collision operator with momentum conservation in like-particle collisions would require the solution of the drift-kinetic equation
(DKE) in 4D-phase space instead of the 3D mono-energetic solution. Consequently, momentum correction techniques (e.g. in Refs. 4, 5) based on mono-energetic transport coefficients become attractive. In the 3D DKE, the flux surface label and the velocity are only parameters and the simple Lorentz pitch-angle collision term (without momentum conservation) is used, e.g. in the DKES code [8] . To include collisionality effects in the Spitzer function, the solution of the 3D DKE (2D for axisymmetric tokamaks) is mandatory. It is important to note, that the CD is much more localized in momentum space than the (integral) parallel conductivity, and hence much more sensitive to the model employed.
For ECRH/ECCD scenarios with high electron temperature, electrons interacting with the RF-field are largely in the lmfp-regime. For ECCD predictions, the "high-speed-limit" (see, e.g.
Ref.
3), below abbreviated as hsl-model, is typically applied, where the Spitzer function is calculated for v/v th 1 (here, v th = 2T e /m e ). Since the influence of supra-thermal electrons on momentum conservation is negligible, the DKE can be significantly simplified (in particular, the integral part of the collision operator is omitted in this approach).
The Spitzer function with parallel momentum conservation in the like-particle collisions (mc-model) is the direct solution of the Fokker-Planck equation. It is also convenient to obtain a numerical fit derived from the variational principle based on the collisional entropy production with momentum conservation in the electron-electron collision term [9, 10] , which approximates the solution of the corresponding Spitzer problem. This approximation is sufficiently accurate for the range 0.5 v/v th 4, i.e. for electrons responsible for the main cyclotron absorption. So far, this model has been developed only for the non-relativistic case. In the present work, the model of Ref. 10 is extended to the weakly relativistic case.
II. DESCRIPTION OF THE MODEL
Within the adjoint approach [1] [2] [3] , the electron current, j = −en e du v f e , driven by the RF-field, can be expressed as is approximated by neglecting all the n > 1 terms of the general Legendre series. To be rigorous, the last assumption is exactly correct only for straight magnetic field lines (or in the collisional limit), while for a toroidal plasma the equation for the 1st Legendre harmonic is coupled with higher harmonics [11] . In practice, nevertheless, in the collisionless limit, accuracy of this approach with only the 1st Legendre harmonic is about 0.05 √ [11] for tokamaks with the inverse aspect ratio, which is sufficient accuracy for the problem considered. The same can be argued for the stellarators, since only the global maximum and minimum of B define the fraction circulating particles, and, consequently, the problem considered for stellarators with low collisionality is qualitatively very similar to the tokamaks case.
Considering at the moment only the collisionless limit, the solution of Eq. (1) for the 1st
Legendre harmonic can be represented as [3, 7, 10 ]
where λ = u 
where C (3) is replaced by the "effective" passing
, from the DKES data thus allowing for a collisionality dependence. A similar procedure was used in the fit representation of the normalized σ in Ref. 13 where a 3D DKE (for tokamaks) with the full linearized collision operator was solved. This approach describes correctly both the collisional and collisionless limits. The current diffusion into the trapped-particle domain is reflected by the ratio of the collision frequency to the bounce frequency and depends on the specific magnetic configuration. This feature is well described by the DKES solution for σ me (x). , and for different electron temperatures, that corresponds to the different collisionalities (for collisional and collisionless limits, T e = 0 and T e = 100 keV, respectively, are applied; please, note, that so high upper temperature is required just to cover the collisionless limit, while the relativistic effects are omitted). As expected, the resulting Spitzer functions lie in the range between the collisional and collisionless limits.
In order to benchmark the model, the (thermal) parallel electric conductivity is calculated for a tokamak case. At first consideration, introducing the concept of an "effective" passing particle fraction as a function of energy into Eq. (3) is in some contradiction with the original formulation given in Eq. (2), where f c is strictly defined by the magnetic configuration alone. Nevertheless, despite the fact that, formally, trapped particles are excluded from consideration in Eq. (2), their contribution is included implicitly as an integral effect in the present Spitzer function, K(u), since the DKES solution gives the mono-energetic parallel conductivity accounting for the (barely) trapped particle contribution. In this approach, the shape of the Spitzer function is definitely determinated by the total fraction of current driving particles dependent on energy.
B. Weakly relativistic Spitzer function
The Coulomb coefficients of the fully relativistic operator [12] have an additional parametric dependence on µ = mc ).
The main advantage of this representation is that the final formulas (see below) can be easily expressed through the standard integrals.
With this expansion, the upper electron energy limit is introduced, u 
the functional
is minimized with respect to d i leading to the system of 4 + 1 equations for d i and ζ,
(similar to Refs. 9, 10, the term proportional to ζ in Eqs. (6) and (7) 
(here, p ≡ cos θ is the pitch, Γ i = γ for i ≥ 1, and Γ 0 = 1). Despite the fact that the final explicit formulas for these coefficients (apart of Ω ij ) are rather lengthy, they can be directly integrated (with help, for example, the Mathematica package). Please, find, that this formulation is suitable for arbitrary collisionality, where the "effective" passing particle fraction, f eff c (x), can be applied.
In the collisionless limit with f eff c (x) = f c , the integration for Ω ij can also be performed analytically. Since the relativistic effects in collisional plasma response are important only for very high electron temperatures, we consider here only the collisionless limit (see Fig.1 )The final formulas for the matrix coefficients M ij , Ω ij and G i in this limit are given in the Appendix.
In Fig.3 (Fig.3, left) , but for higher energies the discrepancy becomes significant. For comparison, also the fully relativistic high-speed-limit solution (Eq. (33) in Ref .3) is shown (dash-dots). As expected, the discrepancy of high-speed-limit from momentum conserving solution for the bulk is large, and may lead to a significant underestimation of CD. As was mentioned above, even for high obliqueness, the main contribution in CD is coming from the electrons with velocities satisfying u < 4, and higher energies are not important due to their negligible contribution in absorption.
The presented formulation for the weakly relativistic approach can be easily extended to the finite collisionality case by introducing the mono-energetic "effective" fraction of passing particles, f eff c (x). Since the corresponding functional S[χ a ] in this case is the same as Eq. (6), the approach for solving the problem is equivalent, leading only to numerical calculations of the matrix coefficients. Nevertheless, the relativistic effect becomes important mainly in the lmfp-regime, and the present approach is quite sufficient.
III. CONCLUSIONS
It has been shown that the very simple "high-speed-limit" approach is in general not qualified for the estimation of the ECCD efficiency. This approach is truly applicable only for scenarios with sufficiently large launch angles in an optically thick plasma, where bulk electrons are surely not The linearized Coulomb operator for g 1 = pF M χ 1 with p ≡ cos θ, needed for the matrix coefficients defined in Eqs. (8), can be represented as
where the diffusion and friction Coulomb coefficients, D 
The symmetry relations are taken into account, M ij = M ji , Ω ij = Ω ji , and for i, j ≥ 1, Ω i+k,j+l = limit, when f tr is not a function of energy anymore, and, consequently, 
The final analytical expression for G i is very compact,
One can find, that the non-relativistic contributions (indexed above by zero) are the same as defined in [9, 10] (see Eq.21 in [9] for M (0) ij , and Eq.A21 and Eq.A22 in [10] for ω high-speed limit non-relativ. exact solution Fig.3 
